We obtain the classical r-matrices of all real two and three dimensional Jacobi-Lie bialgebras, classified in the previous work. In this way, we classify all non-isomorphic real two and three dimensional coboundary Jacobi-Lie bialgebras and their types (triangular and quasitriangular). Then, using obtained generalized Sklyanin bracket formula, we calculate the Jacobi structures on the related Jacobi-Lie groups.
where X 0 ∈ g and φ 0 ∈ g * are 1-cocycles on g * and g respectively, that is,
dφ 0 = 0.
Which i φ0 P is contraction of a P ∈ ∧ k g to a tensor ∧ k−1 g; also d * (d) is the Chevalley-Eilenberg differential of g * (g) acting on g(g * ) and d * X0 is generalization of d * such that we have [8] 
Furthermore, [ , ] g φ0 are φ 0 -Schouten Nijenhuis brackets [9] .
Theorem 3 [9] Let the pair ((g, φ 0 ), (g * , X 0 )) be a Jacobi-Lie bialgebra and G is a connected simply connected Lie group with Lie algebra g. Then, there exists a unique multiplicative function σ : G → R and a unique σ-multiplicative 2-vector Λ on G such that (δσ)(e) = φ 0 and the intrinsic derivative of Λ at e is −d * X0 , that is,
moreover, the following relation holds,
Therefore, the pair (Λ, E) is a Jacobi structure on G, where E = −X 0 .
In the above theorem we have # Λ : g * → g such that ∀ α, β ∈ T * x G ∼ = g * , β(# Λ α) = Λ(x)(α, β) andX(X) is the left(right) invariant vector field withX 0 (e) =X 0 (e) = X 0 .
In our pervious work [10] , we have reformulated the definition of the Jacobi-Lie bialgebras in terms of structure constants of the Lie algebras g and g * and components of their 1-cocycles X 0 ∈ g and φ 0 ∈ g * in the basis of the Lie algebras; and we have obtained and classified all real two and three dimensional Jacobi-Lie bialgebras(see appendix). In this paper, we want to specify the coboundary Jacobi-Lie bialgebras and calculate their classical r-matrices; then using them we calculate Jacobi structure on their Jacobi-Lie groups. For this purpose, let us review the definitions of coboundary Jacobi-Lie bialgebra and classical r-matrix. Definition 4 [9] A pair ((g, φ 0 ), (g * , X 0 )) is a coboundary Jacobi-Lie bialgebra if d * X0 is a 1-coboundary, i.e. there exists r ∈ ∧ 2 g such that ∀X ∈ g d * X0 X = ad (φ0,1) (X)(r), (11) where the generalized adjoint representation ad (φ0,1) has the following form ad (φ0,1) (X)(r) = [X, r]
The relation (11) is generalization of the well-known equation δ(X) = X.r related to coboundary Lie bialgebras [6, 12] . According to the following theorem, we will call the coboundary Jacobi-Lie bialgebras as triangular and quasitriangular .
Theorem 5 [9] Let (g, [, ] g ) be a finite dimensional real Lie algebra with dual space g * ; and let φ 0 ∈ g * and X 0 ∈ g be 1-cocycles on g and g * , respectively; such that r ∈ ∧ 2 g in relation (11) satisfies the following relations [r, r] g − 2X 0 ∧ r is ad (φ0,1) − invariant,
[X 0 , r] = 0,
i (φ0) (r) − X 0 is ad (φ0,0) − invariant.
If we put X 0 = 0 and φ 0 = 0 in relations (13) - (15), we obtain the well-known Generalized Classical Yang-Baxter equation (GCYBE) [6] i.e. ∀G ∈ g ad G [r, r] g = 0.
Where if [r, r] = 0, we have triangular coboundary Lie bialgebras and if [r, r] = w, where w ∈ ∧ 3 g, we have quasitriangular coboundary Lie bialgebras. In theorem 5, these definitions have been generalized to Jacobi-Lie bialgebras.
Definition 6
We classify coboundary Jacobi-Lie bialgebras in the following two different types (A) triangular coboundary Jacobi-Lie bialgebras are Jacobi-Lie bialgebras, where the r obtained from equation (11) satisfies the following properties
i (φ0) (r) − X 0 = w , w ∈ g.
A pair (r, X 0 ) on Lie algebra g, satisfying relations (18) and (19) regardless of equation (11), is known as algebraic Jacobi structure [9] .
(B) quasitriangular coboundary Jacobi-Lie bialgebras are Jacobi-Lie bialgebras, where the r obtained from equation (11) satisfies the following properties
Remark 7 In order to calculate ̟ in quasitriangular coboundary Jacobi-Lie bialgebras, we need properties of Schouten-Nijenhuis brackets, where some of them are given in the following [9] ∀P ∈ ∧ k g,
[P, P ′ ∧ P ′′ ] = [P, P ′ ] ∧ P ′′ + (−1) 3 Real two and three dimensional coboundary Jacobi-Lie bialgebras
In the previous work [10] , we have classified all real two and three dimensional Jacobi-Lie bialgebras. For self containing of the paper, we give the list of real two and three dimensional Lie algebras and also their Jacobi-Lie bialgebras in the appendix. In this section, we want to specify coboundary type of these Jacobi-Lie bialgebras. For this work, we choose {X i } and {X i } as the basis of Lie algebras g and g * , respectively. So that we have
where, according to duality between Lie algebras g and g * we have
Now, by choosing
and expanding X 0 ∈ g and φ 0 ∈ g * in terms of the basis of the Lie algebras g and g * as
and using (8) and (12) , for skew-symmetric tensor r = 1 2 r ij X i ∧ X j , equation (11) , after some calculation, can be rewritten in the following form
But calculating with relation (31) is very complicated, therefore using adjoint representations on g and g * as
we transform the relation (31) to the following matrix form
where matrix R i is given as follows
Of course, not all the solutions of the above relation give us non-isomorphic coboundary Jacobi-Lie bialgebras.
For this reason, we should consider these results by the following proposition.
) are isomorphic if and only if there is an isomorphism of Lie algebras C : g → g ′ such that for r ∈ ∧ 2 g and r
Proof: From definition of isomorphism of the Lie algebra; C : g → g ′ we have
where C i j satisfies the following relation
Now, applying relation (37) in the equations of Jacobi-Lie bialgebras (A1-A5) [10] , we can obtain transforming relations on the structure constant of the Lie algebra g ′ * and components of X ′ 0 and φ ′ 0 as follow
Now, by substituting relations (37) -(40) in (31) and considering that ((g ′ , φ ′ 0 ), (g ′ * , X ′ 0 )) is a coboundary Jacobi-Lie bialgebra, then proposition is proofed. It should be noted that equation (35) has the following matrix form (using relations (12) and (27))
Now, using (33) and the above equation, one can find r-matrices of non-isomorphic coboundary real two and three dimensional Jacobi-Lie bialgebras. Note that, we also repeat this method to classify r-matrices on dual Lie algebras g * . For this work, it is sufficient to replace g and X 0 with g * and φ 0 , respectively. Then we have the following relation
where matrixR i is as followsR
in which, we used (
By this method, we have obtained and classified r-matrices of the coboundary real two and three dimensional Jacobi-Lie bialgebras. The results are given in tables 1-3. Note that, in tables 1 and 2, we classify bi-r-matrix Jacobi-Lie bialgebras 2 . Table 1 : Real two dimensional bi-r-matrix Jacobi-Lie bialgebras. Table 2 : Real three dimensional bi-r-matrix Jacobi-Lie bialgebras. Table 2 : Real three dimensional bi-r-matrix Jacobi-Lie bialgebras (Continued). 
Calculation of Jacobi structures by Generalized Sklyanin bracket
In this section, we want to obtain Jacobi-Lie groups related to triangular and quasitriangular Jacobi-Lie bialgebras mentioned in the previous section. For these results it is not possible to use the Sklyanin brackets employed in the Poisson-Lie groups [12] and we will try to extend Sklyanin brackets to generalized Sklyanin brackets as follows.
Definition 9
In theorem 3, a pair (Λ, E) has been chosen as [9] Λ =r − e
where φ 0 = −δσ(e). Now, by substituting these relations in equation (2), we obtain the generalized Sklyanin bracket as
Where,r(r) is left (right) invariant 2-vector on Lie group G related to Lie algebra g andX 0 is right invariant vector field on G at the identity element; such that X In this way, using the above generalized Sklyanin bracket, one can calculate the Jacobi structure on the JacobiLie groups. For this purpose, one must calculate multiplicative function σ from φ 0 = −δσ(e); obtain left and right invariant vector fields and use classical r-matrices obtained in the previous section. In order to determine the left and right invariant vector fields, it is sufficient to calculate the left and right invariant one-forms R i and L i on Lie group G. For g ∈ G we have
where x µ s are parameters of the Lie group G. Now, using
where
To calculate the above matrices for two and three dimensional real Lie groups, we use the following parametrization for two dimensional real Lie group G g = e xX1 e yX2 ,
and g = e xX1 e yX2 e zX3 ,
for three dimensional real Lie groups. In this paper, we want also to calculate Jacobi structure on the dual Lie groupG. For this purpose, we must calculate the left and right invariant vector fields on the dual Lie groupG.
To calculate (X R ) i and (X L ) i , we use the following relations
Note that, the parametrization on the dual Lie groupG is similar to the Lie group G. The left and right invariant vector fields related to two and three dimensional real Lie groups are given in the tables 4 and 5, respectively. , a > 0 , a = 1 For simplicity, relation (45) can be rewritten in the following matrix form
where σ function can be calculated from φ 0 = −δσ(e) by the following relation
Using the tables 4 and 5 and r-matrices presented in tables 1-3, one can calculate Jacobi brackets on the Lie groups G andG 3 , where results are listed in the following tables 3 Note that, for the dual Lie groupG, we use the following generalized Sklyanin bracket Table 6 : Jacobi brackets related to real two dimensional bi-r-matrix Jacobi-Lie bialgebras. Table 7 : Jacobi brackets related to real three dimensional bi-r-matrix Jacobi-Lie bialgebras.
1+2by−e
e x − e 2a a+1 Table 7 : Jacobi brackets related to real three dimensional bi-r-matrix Jacobi-Lie bialgebras (Continued). Table 8 : Jacobi brackets related to real three dimensional coboundary Jacobi-Lie bialgebras. Table 9 : Dual Jacobi brackets related to real three dimensional bi-r-matrix Jacobi-Lie bialgebras.
((g, φ 0 ), (g * , X 0 ))σ {x,ỹ} {x,z} {ỹ,z} Comments Table 9 : Dual Jacobi brackets related to real three dimensional bi-r-matrix Jacobi-Lie bialgebras (Continued). Table 10 : Dual Jacobi brackets related to real three dimensional coboundary Jacobi-Lie bialgebras. ((II, 0), (IV.iii, bX 1 )) bx 0 0
Conclusion
In this paper, we have obtained a formula for the classical r-matrices in terms of structure constants of the Lie algebras g and g * and components of 1-cocycles X 0 ∈ g and φ 0 ∈ g * in the basis of the Lie algebras for a Jacobi-Lie bialgebra ((g, φ 0 ), (g * , X 0 )). Then, by obtaining a generalization for the Sklyanin bracket, we have proposed a method for calculating Jacobi brackets on Jacobi-Lie groups. In [14] , a method has been presented to calculate the Jacobi brackets in R 3 . However, our approach is applicable to generic Jacobi-Lie groups where their algebraic structure (Jacobi-Lie bialgebras) are coboundary. In this way, we have obtained the classical rmatrices of all real two and three dimensional Jacobi-Lie bialgebras (classified in our previous work [10] ). Also, we have specified type of these coboundary Jacobi-Lie bialgebras (triangular and quasitriangular). Finally, we have calculated Jacobi brackets on all two and three dimensional real Jacobi-Lie groups. Now, quantizing Jacobi-Lie bialgebras and obtaining classical integrable systems related to Jacobi-Lie bialgebras, using the classical r-matrices, are some open problems.
Appendix. Real two and three dimensional Lie algebras and Jacobi-Lie bialgebras
We have classified two and three dimensional Jacobi-Lie bialgebras for all two and three dimensional real Lie algebras in [10] . In the mentioned paper, we have calculated relations (3)- (7) 
Then using adjoint representations, we have transformed these relations to matrix forms and have obtained Jacobi-Lie bialgebras by direct calculation. Finally, using automorphism Lie groups on these Lie algebras and generalizing presented method for classification of low dimensional Lie super bialgebras in [13] , we have obtained non-equivalent Jacobi-Lie bialgebras for real two and three dimensional Lie algebras. Here for self containing of the paper, we represent real two and three dimensional Lie algebras in tables A.1 and A.2 and their Jacobi-Lie bialgebras in tables A.3-A.6 as follow Comments 
